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Abstract
For a branched locally isometric covering of metric spaces with intrinsic metrics, it is proved
that the Steiner ratio of the base is not less than the Steiner ratio of the total space of the
covering. As applications, it is shown that the Steiner ratio of the surface of an isosceles
tetrahedron is equal to the Steiner ratio of the Euclidean plane, and that the Steiner ratio of
a flat cone with angle of 2pi/k at its vertex is also equal to the Steiner ratio of the Euclidean
plane.
1 Introduction
In the wide spectrum of Optimal Connection Problems, estimations and calculations of Steiner
ratio of a metric space play a special part. Recall necessary definitions and facts, see details in [11]
or [12]. Let X be a metric space with a distance function ρ. For each its finite subset M there
exists a minimal spanning tree, i.e., a tree of the least possible weight among all the trees with
vertex set M , where the weight of an edge xy is defined as the distance ρ(x, y) in X between the
corresponding vertices. By mstX(M) we denote the length of a minimal spanning tree for M ⊂ X .
From the times of C. Gauss it is well-known that sometimes one can connect the same set M by a
shorter tree permitting additional vertices. The value
smtX(M) = inf
N :M⊂N
{
mstX(N)
}
,
where the infimum is taken over all finite subsets N of the spaceX containingM , is called the length
of a shortest tree for the set M . If this infimum is attained at some set N , then the corresponding
tree is referred as a shortest tree or a Steiner minimal tree for M .
The problem of a shortest tree finding for a given finite subset of a metric space (so called
generalized Steiner problem) is very complicated from the computational point of view, see [6].
Therefore, in practice some heuristic algorithms are usually applied to solve it, and the most frequent
of those heuristics is a minimal spanning tree construction (notice that a minimal spanning tree
can be constructed in a polynomial time). Steiner ratio is used as a measure of a relative error
of such approximation in the worst possible situation. It was introduced by E.N. Gilbert and
H.O. Pollack [7] in the case of Euclidean plane. In general case it can be defined s follows.
Definition 1.1. The number
srX(M) =
smtX(M)
mstX(M)
1
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is called the Steiner ratio of a finite subset M of a metric space X . The Steiner ratio sr(X) of a
metric space X is defined as the following value:
sr(X) = inf
M :M⊂X
srX(M),
where the infimum is take over all finite subsets M of the set X , consisting of at least two elements.
In the same paper [7], E.N. Gilbert and H.O. Pollack conjectured that the Steiner ratio of
Euclidean plane is attained at the vertex set of a regular triangle and, hence, is equal to
√
3/2.
But this conjecture is not proved yet, despite many attempts of many authors. The most famous
among those efforts is the paper of D. Z. Du and F. Hwang [5], see details in [13], [14], and [15].
At present, an exact value of the Steiner ratio is calculated for the Manhattan plane [9],
Lobachevski plane [10], and Hadamard spaces (i.e., simply connected A.D. Alexandrov spaces)
of negative curvature [21]. Also, there are several estimates and theorems describing some prop-
erties of this interesting characteristic of metric spaces, see a review in [2] and [3]. Also, recently
some analogues of the Steiner ratio related to the concept of a minimal filling of a finite metric
space were introduced [16]. That stimulates new research activities, see, for example, the results of
A. Pakhomova on continuity and discontinuity of the ratios [20], estimates of Z. Ovsyannikov [19]
concerning spaces of compacts, and also a recent review [17].
The aim of the present paper is to generalize the results of the paper [4] on the relations
between the Steiner ratio of the base and the one of the total space of a locally isometric covering
of Riemannian manifolds, see Theorem 2, to the case of metric spaces with an intrinsic metric and
branched coverings, see Theorem 3. As applications, it is shown that the Steiner ratio of the surface
of a triangular pyramid with equal faces is equal to the Steiner ratio of the Euclidean plane, and
the Steiner ratio of a flat cone with angle of 2pi/k at its vertex is also equal to the Steiner ratio of
the Euclidean plane (Corollaries 4.4 and 4.5).
2 Preliminaries
It is well-known that 1/2 ≤ sr(X) ≤ 1 for any metric space X . We also need the following simple
result that can be found, for example in [2].
Assertion 2.1. Let Y be a subset of a metric space X endowed with the metric obtained as re-
striction of the initial distance function from X. Then the Steiner ratio of the metric space Y is
not less than the Steiner ratio of X.
Continuity of the Steiner ratio srX(M) as a function on the elements of the set M follows from
the continuity of the length of minimal spanning tree and the length of a shortest tree. Namely,
the following result holds.
Assertion 2.2. Let M = {m1, . . . ,mn} be a finite subset of a metric space X. The Steiner ratio
srX(M) depends continuously on M , i.e., the function f(m1, . . . ,mn) = srX(M) is continuous on
Xn.
Recall the main results of paper [4].
Theorem 1. The Steiner ratio of an arbitrary connected n-dimensional Riemannian manifold does
not exceed the Steiner ratio of the Euclidean space Rn.
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Recall that a continuous mapping f : X → Y of path connected topological spaces is called a
covering, if each point y ∈ Y possesses a neighborhood V such that its complete pre-image f−1(V )
is homeomorphic to V ×S, where S is some fixed set with discrete topology. Connected components
of the complete pre-image f−1(V ) are called leaves over V , and the complete pre-image f−1(y) is
called the fiber over y. A neighborhood V is referred as a normal neighborhood of the point y. A
neighborhood U of a point x ∈ X is called normal, if its image f(U) is a normal neighborhood of
the point f(x), and the restriction of f onto U is a homeomorphism. It is clear that each normal
neighborhood U of the point x is a leave over its f -image.
Let X and Y be metric spaces. A covering f : X → Y is called locally isometric, if each point
x ∈ X has a neighborhood such that the restriction of f onto it is an isometry. The next statement
is evident.
Assertion 2.3. Let f : X → Y be a locally isometric covering of path connected metric spaces.
Then
• the mapping f preserves the length of all measurable curves, namely, if γ : [a, b] → X is a
measurable curve, then the length of the curve γ is equal to the length of the curve γ ◦ f ;
• if the metrics on X and Y are intrinsic, then the mapping f does not increase the distances
between points.
Theorem 2 (see [4]). Let W and M be path connected Riemannian manifolds and pi : W →M be
a locally isometric covering. Then the Steiner ratio of the base M is not less than the Steiner ratio
of the total space W .
3 Main Result
Let f : X → Y be a continuous mapping of path connected topological spaces, and B ⊂ Y be
a discrete subset of Y . Assume that the complete pre-image A = f−1(B) of the set B is also a
discrete subset in X and f : X \ A → Y \ B is a covering. Then f is called a branched covering,
Y is referred as the base and X is referred as the total space of the covering, A is called the set of
singular points, and B is called the set of singular values of the covering. If X and Y are metric
spaces, and f : X \A→ Y \B is a locally isometric covering, then the branched covering f is also
called locally isometric.
Let us state the main result of the paper.
Theorem 3. Let X and Y be path connected metric spaces with intrinsic metrics, and let f : X → Y
be a locally isometric branched covering. Then the Steiner ratio of the base Y is not less than the
Steiner ratio of the total space X.
We prove Theorem 3 in two steps. At first we reduce the problem to non-branched coverings,
and then complete the proof considering the case of non-branched coverings.
3.1 Reduction to Non-Branched Coverings Case
We need the following Lemma.
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Lemma 3.1. Let Y be an everywhere dense subset of a metric space X. Endow Y with a metric
obtained as the restriction of the initial distance function defined on X. Then for any finite sub-
set M ⊂ Y the lengths of shortest trees connecting M in X and in Y coincide with each other.
Therefore, for any finite non-single point M the equality srX(M) = srY (M) holds.
Proof. The inequality smtX(M) ≤ smtY (M) is evident from the definition of the length of a shortest
tree. The inverse inequality follows from the continuity of the distance between points. Indeed,
for any positive ε there exists an N ⊂ X with M ⊂ N , such that mst(N) ≤ smtX(M) + ε. Since
Y is an everywhere dense subset of X , then there exists a subset N ′ ⊂ Y , M ⊂ N ′, such that∣∣mst(N ′)−mst(N)∣∣ < ε, therefore
smtY (M) ≤ mst(N ′) ≤ mst(N) + ε ≤ smtX(M) + 2ε,
that implies the required inequality due to arbitrariness of ε.
Assertion 3.2. Let Y be an everywhere dense subset of a metric space X. Endow Y with a metric
obtained as the restriction of the initial distance function defined on X. Then sr(X) = sr(Y ).
Proof. Indeed, Assertion 2.1 implies that sr(X) ≤ sr(Y ). To prove the inverse inequality, let us fix
an arbitrary positive ε and a finite non-single point setM ⊂ X such that srX(M) ≤ sr(X)+ε. Due
to Assertion 2.2, there exists a finite non-single point set N ⊂ Y such that ∣∣srX(N)− srX(M)
∣
∣ < ε.
The latter inequality together with Lemma 3.1 implies that
sr(Y ) ≤ srY (N) = srX(N) ≤ srX(M) + ε ≤ sr(X) + 2ε,
Now the inequality required follows from the arbitrariness of ε.
Corollary 3.3. Let X and Y be path connected metric spaces with intrinsic metrics, f : X → Y be
a locally isometric branched covering, A ⊂ X be the set of singular points of f , and B ⊂ Y be the
set of singular values of f . Then Theorem 3 is valid for the branched covering f : X → Y , if and
only if it is valid for the non-branched covering f : X \A→ Y \B.
3.2 Non-Branched Coverings Case
Recall that a topological graph is defined as a finite one-dimensional cell complex, i.e., a topological
space obtained from a finite set of segments by identification of some their end-points. Zero-
dimensional cells of a topological graph are referred as its vertices, and its one-dimensional cells are
called edges of the graph. Since we are interested in boundary problems, then we always assume
that each topological graph G under consideration possesses a fixed subset ∂G of its vertex set
referred as a boundary of G.
A network in a topological space is a continuous mapping of a connected topological graph into
this space. We say that a network Γ: G→ X connects M ⊂ X , if M = Γ(∂G).
For a metric space X with strictly intrinsic metric the value smtX(M) can be defined in terms
of networks in the following way. At first, we define the length |Γ| of a network Γ as the sum
of the lengths of all its edges–curves. Then we consider all networks Γ connecting M and put
smtX(M) = infΓ |Γ|. It is easy to see that the same value smtX(M) can be obtained by considering
only trees (i.e., connected acyclic graphs).
We need the following mappings lifting theorem, see, for example, [8]. We state it in a particular
case which is important for us.
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Assertion 3.4. Let f : X → Y be a non-branched covering, G be a topological tree, and ΓY : G→ Y
be a network. Then there exists a lifting network ΓY : G→ X such that ΓX = f ◦ ΓY .
Thus, it remains to prove the following result.
Theorem 4. Let X and Y be path connected metric spaces with intrinsic metrics, and f : X → Y
be a locally isometric non-branched covering. Then the Steiner ratio of the base Y is not less than
the Steiner ratio of the total space X.
Proof. Let N be an arbitrary finite non-single point subset in Y , and ε be an arbitrary positive.
Show that there exists a finite set M ⊂ X such that f(M) = N and smtX(M) ≤ (1 + ε) smtY (N).
Indeed, by definition of smtY (N), there exists a measurable network ΓY : G→ Y parameterized by
some topological tree G such that N = ΓY (∂G) and |ΓY | ≤ (1 + ε) smtY (N). Assertion 3.4 implies
that there exists a lifting ΓX : G → X . Put M = ΓX(∂G). By definition of the lifting, we have
f(M) = N . Due to Assertion 2.3, the lengths of the networks ΓX and ΓY coincide with each other,
therefore, smtX(M) ≤ |ΓX | = |ΓY | ≤ (1 + ε) smtY (N), and hence, the set M matches our claim.
On the other hand, Assertion 2.3 implies that for any finite setM ⊂ X the inequality mstX(M) ≥
mstY
(
f(M)
)
= mstY (N) is valid. So,
srX(M) =
smtX(M)
mstX(M)
≤ (1 + ε)smtY (N)
mstY (N)
= (1 + ε) srY (N) ≤ srY (N) + ε.
Thus, for any ε > 0 and any finite N ⊂ Y consisting of at least two points, we have constructed
a set M ⊂ X such that srX(M) ≤ srY (N) + ε, and hence sr(X) ≤ sr(Y ) + ε. Since ε is arbitrary,
then the required inequality is valid.
Corollary 3.5. Let Y be a connected Riemannian manifold with isolated singularities, f : Rn → Y
be a locally isometric branched covering, and the set of singularities of Y is contained in the set of
singular values of the mapping f . Then sr(Y ) = sr(Rn).
Proof. By A we denote the set of singular points of f , and by B we denote the set of singular
values of f . Then, due to Assertion 3.2, we have sr(Y ) = sr(Y \ B). Due to assumptions, Y \ B
is a Riemannian manifold (without singularities), therefore, due to Theorem 1, we conclude that
sr(Y \ B) ≤ sr(Rn). On the other hand, Theorem 3 implies that sr(Y ) ≥ sr(Rn), that completes
the proof.
4 Examples: Polyhedra and Cones
In this Section we give several examples of calculation and estimation of the Steiner ratio obtained
by application of the technique elaborated above.
A concept of a multidimensional polyhedron (or a polyhedral surface) is well-known. Corre-
sponding definitions can be found, for example, in books [1] and [22]. In what follows we just
need to mention that from the metric geometry point of view an n-dimensional polyhedron is an
n-dimensional Riemannian manifold with isolated singular points (the vertices of the polyhedron)
and with Euclidean metric.
Assertion 3.2 and Theorem 1 immediately implies the following result.
Corollary 4.1. The Steiner ratio of an arbitrary n-dimensional polyhedron does not exceed sr(Rn).
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Assertion 4.2. If a two-dimensional polyhedron contains a vertex, whose total angle, i.e., the sum
of all adjacent flat angles of the corresponding faces, is more than 2pi, then its Steiner ratio is
strictly less than the one of the Euclidean plane.
Proof. Consider an equilateral triangle inscribed into a circle of a small radius r centered at such a
vertex. Then a shortest tree connecting the vertices of the triangle is not longer than 3r, but the
minimal spanning tree is longer than 2
√
3 r. The proof is completed.
Assertion 4.3. The infimum of the Steiner ratios over all two-dimensional polyhedra is equal to
1/2. Similarly, the infimum of the Steiner ratios over all two-dimensional cones is equal to 1/2.
Proof. Consider a polyhedron X containing a vertex with total angle pik, k ≥ 3, and let M be a
regular k-gon inscribed into a circle centered at this vertex and having a sufficiently small radius r.
Then smtX(M) does not exceed k r, but mstX(M) = 2(k−1)r, therefore srX(M) ≤ (1/2)k/(k−1)→
1/2 as k → ∞. In the case of two-dimensional cones, instead of the polyhedron X we consider a
cone with total angle pik, k ≥ 3 at its vertex. Assertion is proved.
A triangular pyramid is called an isosceles tetrahedron or a disphenoid, if all its faces are pairwise
congruent. It is well-known that the surface of an isosceles tetrahedron can be locally isometric
branched covered by the Euclidean plane, see [18]. Applying Corollary 3.5 we obtain the following
result.
Corollary 4.4. The Steiner ratio of the surface of an isosceles tetrahedron is equal to the Steiner
ratio of the Euclidean plane.
The action of the group Zk on the Euclidean plane by rotations by the angles 2pi/k around the
origin defines the locally isometric branched covering of the cone with angle of 2pi/k at the vertex
by the Euclidean plane. Corollary 3.5 implies the following result.
Corollary 4.5. The Steiner ratio of the two-dimensional cone, whose angle at the vertex is equal
to 2pi/k, where k is a positive integer, is equal to the Steiner ratio of the Euclidean plane.
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